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Abstract

We presenta numericalsolutionfor thesystemcouplingthemultigroupradia-
tion diffusionandthematterenergy balanceequations.Theschemeis appliedto
a nondimensionalmodelwhich specifiesan idealgasequationof state.Opacities
are proportionalto the inverseof the cubeof the frequency, therebysimulating
free-freetransitions.Radiationemissionis givenby aWienspectrum.Themethod
consistsof a multigrid approachwherebythesolutionon coarselevels of groups
is interpolatedto finer levels. On eachlevel, we obtain a nonlinearsystemof
equationswhich incorporatesthegroups’diffusive transportandtheir inter group
coupling. After linearizing, to ensurerobustness,we introducepseudotransient
continuationandobtainanM matrix anda nonnegative right side.Thelinearsys-
temis solvedbyaniterativetechniquebasedontwo regularsplittingsof thematrix.
The iterationsymbolis analyzedandshown to beconvergentfor a wide rangeof
time steps.The schemeis appliedto two problems.Onesimulatesthe diffusive
transportandequilibrationof a localizedenergy source.The secondmodelsthe
propagationof energy throughinitially cold material.

Keywords. nonlinearPDEof parabolictype,numericallinearalgebra,bound-
ary valueproblems,finite differencemethods,multigrid methods,astronomyand
astrophysics,radiative transfer

AMS subject classification. 35K55,35Q99,65F10,65H10,65H20,65N06,
65N12,65N55,85-08,85A25
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1 Intr oduction

In this paperwe developa numericalschemefor the nondimensionalmultifrequency
radiationdiffusionequationsderivedby Hald& Shestakov (H&S) [1],����� � �
	���
�����������������������
! 

(1)" ���$# � �%#&�('()* �+�,�-� 
 ��./�� 
(2)

In (1)–(2),
�0�1�2�+34 657 8���

and
#9�:#;��3� <56�

representthe spectralradiationenergy
densityandmattertemperaturerespectively. In theH&S model,matteremitsradiation
accordingto a Wienspectrum.Thus,� � �=��
?>A@ �CB8DFE

(3)

The independentvariables
3
,
5
, and

�
denotedistance,time, and frequency respec-

tively;
"

is a positiveconstant.

For numericalcomputations,thefrequency spectrumis discretizedinto G groups,H �I� *KJ �AL J �NM J 	?	C	 J �POQ 
where

� O
is assumedto be“largeenough.” To beprecise,

� O
shouldbesolargethat

atall times,theradiationathigherfrequenciesis negligible, i.e.,'R)* � � ./�S� ' �UT* � � ./� E
Let VXW E�I� W �Y� W @ L E
definethe groupwidths. We assumethat the widths aresufficiently fine andcover a
wide rangesothatat all times �ZL?�N#\[^]_[`�POa�N# E

By integrating(1)overeachgroup,weobtainG equations,onepergroup.Defining
the bZc�d integral operator, ' W E� ' �6e� e�f�g ./�a 
wederiveeachterm.Thus, ' W ���$�a�h���i' W � E�\����� W
where

� W
representsthe integral of thespectralradiationdensityover the bZc�d group.1

For thetransportterm, ' W �j� 
 ��� � �=�k	ml� 
W ��� W  
1Thedefinitionimpliesthat n and nCo havedifferent“dimensions;”theformeris in unitsof energy density

perfrequency; thelatteris anenergy density.
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while for theabsorptionterm, ' W � � �-�i
p�
�Pq� W �r@m
s� W  
where

l� W
and

q� W
satisfy, � W @ L J l� W  �q� W J � W E (4)

Equation(3) leadsto ' W � � �Z��
p� ' W �t��
C> �?B8D �8�-��
_�&u W #v 
where u W E�\w?x/y4�U�p� W @ L?�z#��{��w?x/y4�U�p� W �z#�� E (5)

By defining q| W E�}�7q� W � 
  }l| W E�k��l� W � 
  
anddiscretizingtheintegralin (2),weobtainthemultigroupsystemof G �S] equations,�A�$� W � �
	sl| W �;� W �~u W #R��� W �,q| W  �� b �k]Z ECE?E  G �m 

(6)" ���$# � �%#Y� O�W<� L � W �,q| W E (7)

Theone–groupsystemis obtainedby integratingonceoverall frequencies.To this
end,we notethat for (1)–(2),theso-calledequilibriumor stationarysolutionarisesas�&��� �

. If we integrate(1)–(2)andfollow theusualanaloguesof “Planck” averag-
ing the couplingcoefficient

� @�

[2], p.166,and“Rosseland”averagingthe diffusion

coefficient
� 


[2], p.153,but averaging with the equilibrium function
� 
 > @ �CB<D

, we
obtain, ���$� � �
	���] H # 
 ���h�I�-�-#p�%���&���%���-# 
 �m 

(8)" ���$# � �Y�-�-# � �F�&�����t�-# 
 �m 
(9)

where
�k�=��.��%�

representstheradiationenergy density.

Thethreesystems(1)–(2),(6)–(7),and(8)–(9)preserveimportantpropertiesof the
commonlyused(dimensional)radiationdiffusionequations.Ignoringboundaryfluxes
(accomplishedby imposinghomogeneousNeumannboundaryconditionson

�
or
�

),
the total energy is constant. For the systems(1)–(2), (6)–(7), and (8)–(9), the total
energy densityis

" #h� � ./���
,
" #I�v� W � W

, and
" #I�=�

respectively. The high
frequency photons,i.e.,

�
with large

�
in (1)–(2)or

� W � VXW
with large b in (6)–(7),are

characterizedby fast transportandslow absorption.In (1),
]N�-� 


playsthe role of a
couplingcoefficient, with low frequenciescouplingthe fastest.Matter preferentially
emitsradiationinto frequencieswhere

� 
 > @ �?B8D
is maximal. Analogously, (6) shows

that radiationabsorptionis proportionalto
q| @ LW while radiationemission2 is greatest

into thegroupwith maximum
u W #%� V W

.
2measuredin “units” of energy/volume/frequency
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We now resolve the discrepancy betweenthe variables
l| W and

q| W in (6)–(7). For
theabsorption,theanalogueof Planckaveragingovera groupyields' W �s�Z� 
 � ��' W ���`��' W �����+#_����� 
 �}����' W ������#_���E� � W �7q� W � @�
 E
After integrating,weobtain,]z�,q| W �}�7q� W �7@�
_� ]# 
 > @m��� � e� � � eUf�g> @��{� 
 �+�i� � � e� � � e�f�g  �� W �I� W �N#I (10)

where,for ��� H , �?� �+�i��� ��� �� � � * �
� ��� � E

For thetransport,theanalogueof Rosselandaveraginggives,' W ��
z�;� � ��' W �����1��' W ��
C�����N�
����' W �����N�
� ��� W ��' W � 
 �����Z�-��#p�Q����' W �m���Z�N��# �E� �Cl� W �U
4��� W E

After integrating,weobtainl| W �}�Cl� W �6
p�\#p
 > @m� �C¡ ����� � � e� � � e�f�g> @m�4� � ����� � � e� � � e�f�g  �� W �I� W �z# E (11)

Equations(10) and(11) imply that
l� W

and
q� W

dependon
#

which mayequalany non-
negative value. The dependenceappearsto contradictthe requirement(4) sincethe
frequency mesh¢ � W-£ is fixed. In AppendixA we show that(4) is alwayssatisfiedand
thatthedependenceon

#
is somewhatbenign,especiallyfor large G . To illustrate,in

thelimit of smallfrequency meshwidth,¤¦¥¨§© e6ª * q| W �=��
W @ L �h�t«��-�A�i� MW @ L VXW �¬��­ �Y� W @ L��z#­ �
� W @ L � VXW � M � ECE?E  E
Thecoefficient

l| W hasa similarexpansionandthedifference,¤¨¥¨§© e ª * �2l| W �vq| W �!�I� W @ L � VXW � M �I� VXW �U
N�-�%� E?ECE%E
However, when

VXW
is large, the diffusionandcouplingcoefficients

l| W and
q| W of

(6)–(7)have a largertemperaturedependence.For small G , thedifference
l| W �
q| W is

morepronounced.Theeffect is dramaticallyillustratedby (8)–(9)(for which G �0]
)

in which therolesof
l| W and

q| W areplayedby
��] H # 


and
�Z# 


respectively.
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Figure1: Unit flux problem.0-groupenergy density
" #

and1-groupenergy density" #®�®�
vs.
3
;
" �k] H E

Solutionsof (8)–(9)and(6)–(7)aremarkedly different.Considerthesemiinfinite
interval:

H J 3 J°¯ . Assumethat initially,
�=�±�1�±#°� H

andthat at
3=� H

we imposea constant,unit flux of energy into theradiationfield. After sometime, for
(8)–(9),asteepfront develops.At theedgeof thefront, where

#
is still cold,

�}²\�-# �
(dueto thelargecouplingcoefficient). If (8) and(9) summed,assuming

�
[ " #
and

substituting
�k�I�-# �

, we obtain," ���$#\�I�/³ �t´ H ­ H #pµ��/³Z#_�¶ (12)

i.e., the front propagatesas a thermalwave [2]. Solutionsof (8)–(9) and (12) are
remarkablysimilar; they aredisplayedin Fig. 1. The“0-group” refersto thesolution
of (12). The1-groupenergy refersto

" #&�&�
of (8)–(9).

On the otherhand,solutionsof (6)–(7) will not have a sharpfront. Someenergy
is depositedinto the high frequency groups,eitherby the boundarycondition,or by
the matter. Thesegroupsare characterizedby large diffusion and small absorption
coefficients.Hence,this energy propagatesdeepinto thedomainbeforeit is absorbed.

In thefollowing sectionswe first presenta generaldescriptionof themethod.The
fundamentalconceptis to apply multigrid to the frequency coordinate.We construct
a hierarchyof

�
grids. On each level, we advance · �U¸ G � diffusion equations

which arecoupledthroughthemattertemperature
#

. After theseequationsaretime–
advanced,theresultis interpolatedto thenext finer level usingtheproceduredescribed
in section3. Section4 describeshow thelevel equationsarelinearized.We introduce
pseudotransientcontinuation ¹ tc in order to obtaina robust linear systemº 3=��»
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for theradiationenergy densities.Section5 provesthata judiciouschoiceof the ¹ tc
parameterensuresthat º is an M–matrix and

»
is nonnegative. Thesystemis solved

by iterations.A dualmatrix splitting alternatesbetweensolvingsystemsof sizeequal
to thenumberof spatialgrid points,andsystemsof sizeequalto thenumberof groups
in a level. Section6 provesthat the iterationmatricesareconvergent. Resultsappear
in section7. Two problemsareconsidered;onesimulatesthediffusionof a localized
sourceof matterenergy while theother, thepropagationof radiationinto cold matter.
Concludingremarksappearin section8.

Beforelaunchinginto theoverview, we review thethreemethodscommonlyused
to solve themultigroupequations.All areof semi–implicitform; coefficientssuchas
the specificheatandopacitiesareevaluatedat the old time level. Furthermore,the
schemesareat bestlinear; the emissionterm is linearizedaboutthe old temperature.
Thesimplestmethodis the“partial temperature”(PT)schemeof LundandWilson[3],
[4]. The PT schemeis an applicationof operatorsplitting. For eachtime step,each
group is addressedonly once. Thus, the PT schemecannoteven be said to solve a
linearizationof theequations.Theothertwo methodsdo indeedattemptto solvelinear
systemscouplingall of theradiationgroupsto alinearizationof theemissionterm.One
method,dubbed“fully implicit” (FI) is theschemeof Axelrodet al [5]. Friedmanand
Kershaw [6] extendedtheFI schemefor spatially2D computerprograms.Lastly, is the
schemeof Morel et al [7] which beginswith thesamelinearizationastheFI scheme,
but algebraicallyeliminatesthe matter temperaturetherebyobtaininga systemthat
explicitly couplesall of thegroups.Thesystemis solvedby anaccelerationtechnique
that ignoresthe diffusive transport.Readersfamiliar with the FI andMorel schemes
will notedistinct similarities with ours. Indeed,the methodproposedin this paper
attemptsto incorporatethebestfeaturesof each.

2 Overview of scheme

Given initial conditionsat
5p�}5U¼

, our job is to producea solutionfor the (nonlinear)
system(6)–(7) at

5U¼-½ L �¾5U¼¿� V 5
wherethe time step

V 5
may be arbitrarily large.

In order to avail ourselves of fast, robust methods,we limit the complexity of the
underlyinglinear systemsolver to onethat tacklesnothingmorecomplicatedthana
discretizationof asingle,scalarelliptic equationof theform,�k	�À/���S�Y»��a��Á E
For sufficiently large 2D and3D meshes,especiallyif runningon massively parallel
platforms,suchsystemsaretypically solved by iterating. And, sinceiterationsonly
refineinitial guesses,it is usefulto havea goodinitial iterate,i.e.,agoodguessfor the
fieldsat

5!�\5U¼Z½ L
. If
V 5

is sufficiently large,thevalueat
5��h5U¼

maybeinadequate.

Althoughour methodmaybeappliedto discretizationsusinganarbitrarynumber
of groupsG , for simplicity, we assumethat G is a powerof two.

The scheme’s premiseis that if we hadalreadytime–advancedthesolutionusingG �-� groups,thenthis coarselevel solutionshouldbe a goodguessfor the problem
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usingG groupsif thecoarselevel is properlyinterpolatedto thefine level. Theideais
recursive.ThesolutionusingG �Z� groups,whichmaystill beexpensiveto obtain,may
itself beapproximatedby time advancinga systemof G � ­ groups.Takingthis to the
limit, onearrivesat the“coarsest”levelof groups,which in thispaperweassumeto be
the“onegroup”system(8)–(9).Althoughrobustmethodsfor theone-groupequations
arereadilyavailable,e.g.,[8], for completeness,wepresentonein AppendixB.

Thus,givenafrequency grid of G groups,weconstructahierarchyof coarselevels,
e.g.,of G �Z� , G � ­ , etc.,groupsspanningthesamefrequency range.Weassumethatthe
coarseandfinelevelsusethesamespatialgrid.3 Sincewebootstrapto finer(frequency)
levels,thetemperature

#
obtainedonthecoarselevel formstheinitial guessonthefine

level. For theradiationfield, we interpolatethecoarselevel asdescribedin section3.
To summarize,eachtime-advancementconsistsof thefollowing steps.

1. Advancecoarsestlevel equationsto desiredaccuracy. Ensurethattimeadvanced
solutionconservesenergy.

2. Interpolateresultto finer level to form initial guess.

3. Oneachlevel, performouteriterations.Â Computecoefficients,e.g.,opacities.Â Linearizeequations.Â Compute¹ tc parameterÃ to ensurerobustnessof linearsystem.Â Solve linearsystem(usingiterations)to desiredaccuracy.

4. Check(nonlinear)convergence.If desiredaccuracy is reached,exit level with
energy conservingfields.

Steps2–4arerepeateduntil we reachthefinestlevel.

This concludestheoverview. In thefollowing sectionswe describetheprocedures
in greaterdetail.

3 Coarse–fineinterpolation

We now discusshow we interpolatea coarselevel solution to the fine level. Since
we only refinethefrequency coordinate,thetime advancedtemperatureon thecoarse
level forms the initial guesson the fine level. For the radiationfield, we interpolate
as follows. Let ¢ � W @ L  �� W  �� W ½ L £ denotea refinementof a single coarsefrequency
meshwidth ¢ � W @ L- �� W ½ L £ andlet

�sÄW�Å
representthe solutionover the coarseinterval.

3The coarselevel may usea coarsenedspatialgrid. In this case,we resortto classicalmultigrid and
interpolatethecoarse(spatial)grid solutionto thefinegrid.
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We assumea local equilibrium exists over the interval andsolve for the “radiation”
temperatureÆ WUÅ which satisfies� ÄWUÅ � ' � etÇ/g�6e�f�g ./�%� 
 > @ �?B8Èse Å� � Æ WUÅ � ��É > @�� e�f�g � 
 ��� W @ LC�2�F> @m� etÇ�g � 
 �+� W ½ LC��Ê� (13)

where
� W8Ë L �Ì� W8Ë L � Æ W Å . Thevariable Æ W Å is obtainedusingNewton’s method.We

initialize theNewtoniterationswith Æ WUÅ � Æ W�Å @ L , i.e.,with the Æ valueobtainedfrom
the previous coarsewidth. If b �Í]

, we initialize with Æ W�Å �Î#
, the coarselevel

mattertemperature.Clearly, if theproblemis nearequilibrium,theNewton iterations
convergequickly and,furthermore,thefine level is initializedwith anexcellentguess.

After theNewtoniterationshaveconverged,theinitial guesses
�4Ï *rÐW

,
�4Ï *rÐW ½ L arefound

by integratingtheassumedlocalequilibrium,i.e.,� Ï *rÐÑ � ' �<Ò�<ÒÓf�g ./� ��
,>A@ �CB8Èse Å  R�-Ô2� b  b �h]�� E
We cautionthattheaboveprocedureis not robust. If

�sÄW�Å
is sufficiently large,there

is no solution.4 In caseof suchfailure,we revert to “constantinterpolation.” That is,
weassumethatthespectralenergydensity, asapproximatedby thecoarsesolution

� ÄWUÅ
,

is constantover thecoarseinterval. Then,by definingthegrid fractionÕ �
�t� W �Y� W @ L �<�i�t� W ½ L �F� W @ L �% 
weset, � Ï *rÐW � Õ � ÄW�Å&Ö-×�Ø � Ï *rÐW ½ L �k�U]p� Õ �/� ÄW�Å E
4 Derivation of linear system

Herewe derive the linear systemfor the multigroupfrequency levels. Let · denote
thenumberof groupsof the currentlevel. After discretizingthe temporalderivatives
of (6)–(7)andmultiplying by

V 5
, weobtainH � �X�N� W ��� *W �4� V 5��Z�k	sl| W �;� W �~u W #R��� W �,q| W �a (14)H � � " �N#R��# * �,� V 5YÙÚ¿�%#&��Û�W<� L � W �sq| WsÜÝ  

(15)

whereb �k]A E?ECE  · . Equations(5), (10),and(11)show that
u W

,
q| W , and

l| W dependon#
.

4The nonrobustnessis due to our choosingto give Þ a Wien distribution. For the Planckfunction,Þ®ß®Þ4à�ßYázâPãCä¦å�æ�ç/ä�è�áNã7é�ê�èìë<ê . For large é , Þ{à�íFázî�é�ä�ë2è¿áNãrïPé�ê , i.e., for any á , Þ{à canbe
arbitrarily large. Thus,if Þ&ßFÞ à , theanalogueof (13) canbesolved for arbitrarily large n-ðo Å . However,

for theWiendistribution Þ{ñ , if é is large, Þ{ñkíìá�â,ä�ë,è�ázã7é�ê , whichputsaboundon Þ{ñ [9].
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Treating
V 5

asa parameter, we view (14)–(15)asa time independentsystemand
replacethe zeroeson the left handside (LS) with pseudo–timederivatives

��� W �N� Ã
and

" ��# �N� Ã . Thus,the solutionof (14)–(15)is thesteadystateof the pseudo–time
dependentequations.Theneedfor thepseudo–timederivatives,in particulartheutility
of Ã , theinverseof thepseudo–timestep,H ¸ Ã E�Q]N� V Ã J\¯  
will bemadeevidentin Section5. For themoment,we notethatsetting Ã � H returns
(14)–(15).However, a positive Ã yieldsthefollowing discretizationof thetemperature
equation,

" Ã �N#R��# Ï Ñ Ð �¿�
� " �N#R��# * �,� V 5 ÙÚ¿�%#&�òÛ�W<� Lpó W ÜÝ  
where

# Ï Ñ Ð
is the temperatureat the previouspseudo–timeandwherewe have intro-

duced ó W E��� W �,q| W E
Henceforth,ó W , which is alsononnegative,will betheunknown of interest.

Solvingfor
#

yields#h�Rô�õ�# Ï Ñ Ð �h�6]%�öôa�öô�õA�/# * �Yô Û�W<� L ó W  (16)

where, H J ôì� © �÷ õ ½ ÷ ½ © � J ]� (17)H ¸(ô/õX� ÷ õ÷ õ ½ ÷ ½ © � J ] E (18)

Equation(16) is robust. Oncenonnegative ó W arecomputed,the temperature
#

is an
averageof theradiationenergies,theold temperature

# *
, andtheintermediate

# Ï Ñ Ð
.

For the ó W equations,in orderto avoid ill posedsystems,wedonot linearizethe
q| W

and
l| W coefficients,but insteadevaluatethemat thetemperature

# Ï Ñ Ð
. However, wedo

expandtheemission
u W #

in (14)about
# Ï Ñ Ð

. Thus,u W #h�hø�Ï Ñ ÐW #&�I�ùu�Ï Ñ ÐW �Fø�Ï Ñ ÐW �/# Ï Ñ Ð  
(19)

where ø Ï Ñ ÐW �
�U]¶�&� Ï Ñ ÐW @ L �U> @���ú Ò¦ûe�f�g �R�6]¶�Y� Ï Ñ ÐW �U> @�� ú Ò¦ûe  
and

��Ï Ñ ÐW �I� W �z# Ï Ñ Ð
. Notethatfor all b and

# Ï Ñ Ð � H ,
H J ø Ï Ñ ÐW J ] Ö-×�Ø Û�W<� L ø Ï Ñ ÐW �k] E

(20)
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Similarexpansionsarereadilyderivedfor
u�Ï Ñ ÐW

. Themainpoint is that,becauseof their
dependendenceon

#
,
u

and
ø

dependon position
3
.

Equation(19) enableseliminating
#

from (14); theemissionandabsorptionterms
become, u W #R��� W �,q| W �Rô�ø W Û� � � L ó ���ø W �U]%��ôü��ô/õ��/# * � É ø W �Óô�õ��(]z�{�au W ÊC# Ï Ñ Ð � ó W E (21)

wherewehavesuppressedthesuperscriptsof
ø W

and
u W

. If wesubstitute(21) into (14),
we obtaina setof equationsinvolving only the unknowns ó W . On the LS of (21), we
includethepseudo–temporalderivativeÃ q| W � ó W � ó Ï Ñ ÐW � E

In the following, without lossof generality, we assumea onedimensionalspatial
domainandlet ¢ 3mý ½ L B M £ definethegrid points. Thus, þ ý E�03mý ½ L B M �®3�ý @ L B M is the
“volume”of the ÿ/c�d cell and

3mý Ë L B M
are its “edges.” The unknowns ó ý�� W represent

theradiationenergy densityof the bZc�d groupin the ÿ�ctd cell dividedby thecubeof an
averagefrequency. In termsof ó ý�� W , thediscretizationof theflux termover the ÿ�ctd cell
is givenbyV 5i�
	sl| W ��� W � V 5þ ý � l| ý ½ L B M � W � ý ½ L � W �F� ý�� Wþ ý ½ L B M �
l| ý @ L B M � W � ý�� W ��� ý @ L � Wþ ý @ L B M �� V 5þ ý � l| ý ½ L B M � W q| ý�� Wþ ý ½ L B M � q| ý ½ L � Wq| ý�� W ó ý ½ L � W � ó ý�� W �� l| ý @ L B M � W q| ý�� Wþ ý @ L B M � ó ý�� W � q| ý @ L � Wq| ý�� W ó ý @ L � W � � E
Note that becauseof the dependenceon

#
, the coefficients

l| W and
q| W have a spatial

index ÿ (with the propercentering.)However, (10), (11), and(4) imply that that the
spatialvariationis mild—especiallyfor refinedspectralgrids. Hence,in orderto an-
alyzethe linear iterative scheme,we drop the spatialindexing of

l| W and
q| W .5 If we

assumea uniformspatialgrid ( þ � þ ý � þ ý Ë L B M ) anddefine� W E� V 5�l| W q| W � þ M  
then,theflux termreducesto thesimpleformV 5��
	ml| W ��� W � � W � ó ý ½ L � W �F� ó ý�� W � ó ý @ L � W � E
Combiningtheabovediscretizationsyieldsthelinearsystem� � W � ó ý ½ L � W �Y� ó ý�� W � ó ý @ L � W ���&. W ó ý�� W �öô V 5/ø ý�� W Û� � � L ó ý�� � �hÁ ý�� W  (22)

5Thecomputerprogramretainsthespatialdependence��	��

��� î�� o and �� � � o .
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where . W � �U]¶� Ã �Zq| W � V 5 ÖZ×�Ø
(23)Á ý�� W � � Ã ó Ï Ñ Ðý�� W � ó *ý�� W �!q| W �V 5 ¢ ø ý�� W �6]%�öôü��ô�õA�/# *ý � É u ý�� W �&ø ý�� W �+ô/õ��R]���ÊC#KÏ Ñ Ðý £ E
(24)

5 Analysis of linear system

Equation(22) is of theform º ó �=Á where ó and
Á

arethevectorswith componentsó ý�� W and
Á ý�� W

, respectively. The diagonalof º is positive andall offdiagonalentries
arenonnegative. If A wereto beanM-matrix, i.e., if theelementsof º @ L werenon-
negative,andif all componentsof

Á
werealsononnegative,thesystemº ó �\Á would

berobust.Thatis, thenew energieswould bephysicallyreasonable.

In this sectionwe show thata judiciouschoiceof Ã guaranteesrobustness.Before
plunginginto theanalysis,it is usefulto noteseveralpointsabout(22). Our job is to
producephysicallyreasonableó for any choiceof parametersandRS.In particular, we
assumethatwe areunableto change

V 5
, thephysicaltime step.6 Furthermore,evenif

wecouldchangeit, e.g.,by loweringit in orderto ensurediagonaldominance,wemust
anticipatethepossibilitythatfor Ã � H , Á ý�� W maybenegative for sufficiently small ó *
and

# *
becauseof theindeterminacy of thesignof thecoefficientmultiplying

# Ï Ñ Ðý
.

To guaranteethe M-matrix property, we recall Varga [11], Theorem3.11,Corol-
lary 1, p. 85,whichstatesthat º is anM-matrix if it is irreduciblydiagonallydominant
andconsistsof positive diagonalandnonnegative offdiagonalentries. Irreducibility
maybe provedby showing that the directedgraphof º is stronglyconnected,Varga
[11], Theorem1.6, p. 20, andthe latter is easilydoneby inspection.Diagonaldomi-
nanceis provedby thefollowing lemmawhich derivesa conditionfor Ã . The lemma
introducesa “safetyfactor” ��� H whichwe discussin theremarks.

Lemma 1 Let �Y� H E DefineÀ � " q| W  » � � " q| W � V 5 É q| W � " �U]%� � �{Ê� ÖZ×�Ø� � " q| W � V 5 É q| W � " �6] � � �4Ê�� V 5 M ��]%� · ø ý�� W � � � E
If � ¸¾] and � � H , then º is diagonally dominantfor all Ã\� H . Otherwise, º is
diagonallydominantif Ãì� ��� » M � ­ À � �F»s�8�-�-À E (25)

Remark Diagonaldominanceis attainedjustwith � � H E A positive � addsamargin
of safety. Weusethis featurein theanalysisof theconvergenceof theiterativescheme.

6Our schemeis intendedfor multiphysicscodeswhere ��� may be fixed by a “master” function at the
startof thetime step.
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Proof Given �F� H andrequiringthattherow sumof (22)belargerthananormalized
nonnegativevalueyields, . W � · ô V 5�ø ý�� W � V 5 ��� H E (26)

Recalling(23)and(17), this leadsto theinequalityÀ Ã M �®» Ã � � E�Yu4� Ã � � H  
where

À
,
»
, and � aredefinedin thelemma.If � ¸0] , then

À� �» � H . Hence,if � � H ,
then

u � H for all Ã . If ��� ] , thensign(
»
) is indeterminateandfor large

V 5
, � is

negative. Nevertheless,givena largeenoughÃ , we canassurethat
u � H since

À � H .
Therequiredvalueis thatdefinedin (25).

Diagonaldominanceguaranteesthat º is anM-matrix, i.e., º @ L � H . To ensure
robustness,we derive conditionsthatguaranteenonnegativity of theRS of (22). The
conditionsform thebasisof thefollowing lemma.

Lemma 2 LetÀ � " q| W ó Ñý�� W  » � " q| W � ó Ñý�� W � ó *ý�� W ��� É u ý�� W " # Ñý �
q| W ó Ñý�� W Ê V 5� Ö-×�Ø� � " q| W ó *ý�� W � ¢ " É ø ý�� W # *ý �I�ùu ý�� W ��ø ý�� W �U# Ñý Êi�
q| W ó *ý�� W £ V 5���ùu ý�� W �Fø ý�� W �/# Ñý V 5 MXE
If � � H , thentheRSof (22)

Á ý�� W � H for all Ã � H . Otherwise,
Á ý�� W � H ifÃì� � � » M � ­ À � �F»s�8�-�-À E (27)

Proof We proceedasin Lemma1. Substituting,(17) and(18) into (24) andnormal-
izing yieldsa quadratic

� E�hÀ Ã M �(» Ã � � , where
À
,
»
, and � aredefinedin thelemma.

The inequality
� � H is equivalentto

Á ý�� W � H . Since
À� �» � H , if � � H , then

�
is

positive for all Ã . Otherwise,Ã mustbegreaterthanthe(positive) root definedin (27).

6 Level iteration scheme

Equation(22) is of theform º ó �\Á whereó and
Á

arevectorswith componentsó ý�� W
and

Á ý�� W
, respectively, and º is of theformº ��� ���®L¶� �&M� (28)

where
�Ì� Ø ¥ Ö"! �-. W �(� � W ��ô V 5�ø ý�� W � andthe

� ÿ  b � elementsof theproducts���®L ó � ý�� W � � � W � ó ý @ L � W � ó ý ½ L � W � ÖZ×�Ø���YM ó � ý�� W � �pô V 5�ø ý�� W � ��#��W ó ý�� �  
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wherein the sum,the index
�

rangesover all integers1 to · except b . The splitting
(28)suggeststhefollowing iterativescheme.Givenaninitial guessó Ï Ñ Ð , we obtainthe
next iteratein two steps,�$� ��� L � ó Ï Ñ ½ L B M Ð � Á(�%� M ó Ï Ñ Ð (29)�$� ���YM�� ó Ï Ñ ½ L Ð � Á(�%�®L ó Ï Ñ ½ L B M Ð E (30)

Equation(29)requiressolving · separate,symmetric,positivedefinitelinearsystems,
eachof order & where & is the numberof spatialgrid points;while (30) reducesto& independentsystemsof order · , thenumberof groupsfor this level. Althoughthe
matrix on theLS of (30) is dense,sinceit is a rankoneperturbationof a diagonalma-
trix, theinverse

�$� ���YM�� @ L
is givenexplicitly usingtheSherman–Morrisonformula

[10].

Theexactsolution ó satisfiestheabove two equationswith ó replacingthesuper-
scriptedvariables.It follows thattheerrorfor the

Ô c�d iterate,> Ï Ñ Ð E� ó � ó Ï Ñ Ð
satisfies, > Ï Ñ ½ L Ð �
��� ���&M?�r@ L �®L{��� � �®L?�r@ L �YM,> Ï Ñ Ð E

(31)

Eachmatrix,
�\�'� Ñ , is anM-matrix sinceit is obtainedby settingcertainoff diagonal

entriesof º to zero,Varga[11], Theorem3.12,p. 85. Hence,eachsplitting in (29)and
(30) is a regular splitting of º , Varga[11], p. 88. Thus,eachiteration(29) and(30) is
individually convergent,Varga[11], Theorem3.13,p. 89. Thatis, thespectralradii of
theiterationmatrices,e.g.,of

�$� ���®LP� @ L �&M
, arelessthanone.This provesthatthe

iteration(31)converges.

The convergencemay be enhancedby a properchoiceof the parameter� intro-
ducedin Lemma1. To prove this, we examine(31) moreclosely. Considerthe first
half step, �$� ��� L �i> Ï Ñ ½ L B M Ð �(� M > Ï Ñ Ð E

(32)

We expresstheerrorasaproductof spatialandfrequency components,> Ï Ñ Ðý�� W E�*) Ï Ñ ÐW >"+ @ L ý�,
(33)

andsimilarly for
> Ï Ñ ½ L B M Ð

. Since
) Ï Ñ Ð

is a linearcombinationof unit vectors,it suffices
to analyzehow onesuchvector is affectedby the iteration. Let

) Ï Ñ Ð �`lw �
, the · -

dimensionalunit vector. Since
�¨� ) Ï Ñ Ð �¨� �0]

, we seeka boundon
�¦� ) Ï Ñ ½ L Ð �¨�

. Substituting
into (32),yields ) Ï Ñ ½ L B M ÐW � ô V 5Uø W. W �®� � W �U]%� -/.	021A�2��ô V 5�ø W  (34)

wherewe replaced
ø ý�� W

with
ø W

, a notationweadopthenceforth.

For thesecondhalf step,��� � � M ��> Ï Ñ ½ L Ð �(� L > Ï Ñ ½ L B M Ð  
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let
> Ï Ñ ½ L Ð

haveform givenin (33). UsingtheSherman–Morrisonformula,we obtain)CÏ Ñ ½ L ÐW ���43 W )CÏ Ñ ½ L B M ÐW � 576]%� 598 À W �:-/.;021¿ (35)

where 3 W �I� � W �i��. W �(� � W �% À W �Rô V 5Uø W ���t. W �®� � W �� (36)5 6 � Û� � � L 3 � ) Ï Ñ ½ L B M Ð�  Ö-×�Ø 598 � Û� � � L À � E
The diagonaldominancecriterion (26) ensuresthat

)CÏ Ñ ½ L B M ÐW � H . The terms
3 W

and
À W

areclearly nonnegative. We will show that 598 J ]
; hence,the parenthetical

expressionin (35) is nonnegative.Summingthecomponentsyields�¨� ) Ï Ñ ½ L Ð �¨� L � Û�W<� L � )CÏ Ñ ½ L ÐW � � � -/.;021 � 576 �%�U]�� 5 8 � E
And sowe seekanupperboundfor

� -�.;0�1 � 576 anda lowerboundfor
]%� 5 8 .

For
�U]%� 5 8 � , diagonaldominance(26)andthedefinitionof

À W
imply thatÀ W ¸®ô�ø W ��� � �Yô · ø W �=< W �� (37)

where < W E�I� � W � V 5��I�{l| W q| W � þ M E
Since

l| W and
q| W areboundedby the cubeof the frequency mesh¢ � W�£ , the variable< W ²°�A� µW � þ M . Hence,

< W
may be arbitrarily small or large. The inequality(37), the

definitionof 598 , and(20)yield]%� 5 8 � � W ø W � � W ô_ø W ��� � �Fô · ø W ��< W �� � W ø W � � ��ôj�Fô · ø W ��< W �8��� � �Fô · ø W ��< W � E
To bound

� -/.	021 � 5 6 , we applydiagonaldominance(26)on theterms
) Ï Ñ ½ L B M ÐW

and3 W
, definedin (34)and(36) respectively, andobtain� -/.	021 � 5 6 ¸ � W � < W� �Yô · ø W �=< W �`� ô_ø W� �Yô�� · �R]���ø W � E

In deriving theinequality, we assumedthemostpessimisticpossibility
1;� H

.

We now derive a simpleresult. Let
3 W

,
� W

, > W denotetherespective,positive com-
ponentsof threevectorsandlet ? beapositivescalar. If for eachcomponent� W J ?@> W  (38)
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then ÙÚ � W 3 W � W ÜÝBA ÙÚ � W 3 W > W ÜÝ J ? E (39)

By letting 3 W � ø W �%� � �Fô · ø W �=< W �m � W � ôC< W �%� � �Fôj� · �R]���ø W �m Ö-×�Ø> W � � ��ôj�Fô · ø W �=< W  
wenotethatthattheboundson

� -/.	0D1 � 5 6 ���U]2� 598 � arepreciselyasontheLS of (39).
If weassumethat ? J ] , (38) is equivalenttoH J ? � � �öô¿�Fô · ø W � É � �Yô�� · �(]z��ø W Ê��=< W ¢9? É � �Yô�� · �R]���ø W Ê���ô £
Since

ø W �FEj�U]N� · � , this reducestoH J ? � � �FôCG�� É � �FôHEj�U]��/Ê��=< W ¢9? É � �FôHEj�U]��/Ê���ô £  
where

G
denotesa numbersmall in relationto one.TheRSconsistsof two terms;the

oneindependentof
< W

is clearly positive (or canbe madeto be for � nearone. The
othertermis positive if we choose� satisfying�I� § Ö x ¢ H  6ô É ]N� ? � Ej�6]���Ê £ E (40)

We haveproved:

Lemma 3 Given ?KJ � H  s]z� , if � satisfies(40), the two–stepiteration scheme(29)–
(30)convergesandthespectral radiusof theiterationmatrix is boundedby ? .

Equation(40) is the desiredrelation. For small
V 5

,
ôv² H

andsimplediagonal
dominance,i.e., � ² H

, suffices. For large
V 5

,
ô=� ]

andwe needmuchstronger
diagonaldominanceto ensurethat (31) converges. In particular, if

ô\��]z�Z�
andwe

wish to guaranteethattheerroris halvedeachtime,weshoulduse� �
] . Of course,a
large � necessitatesa large Ã implying a smaller ¹ tc time step,i.e., it will take longer
to reachthedesiredsteadystate(14)–(15).

7 Results

We now apply the schemeto two testproblems. In the first, we simulatethe decay
of a localizedhot spot. In the second,we computethe propagationof a “Planckian”
radiationflux (definedbelow) into cold matter. Theproblemsexemplify commonap-
plicationsof the radiationdiffusion equations,e.g., as the vehicleby which energy
streamsthroughmatter.
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Wewill comparesolutionsof theonegroupequations,(8) and(9),with thoseof the
multigroupsystem,(6) and(7). For thelatter, wepresentsolutionsusingG �h�

, 4,
ECE?E

,
64 groups.Themultigroupresultsconsistof distinctsimulations;eachanapplication
of theschemedescribedabove. Thus,the4 groupsimulationbeginseachtime stepby
advancingtheonegroupequations.Theresultformstheinitial iteratefor a two group
level; theguessis improvedusingtheinner/outeriterativescheme.Theconvergedtwo
group level result is then interpolatedto obtain the initial guessfor the (finest) four
grouplevel. The8 groupsimulationis similar, exceptin this case,thefinestlevel uses
eightgroups.Hence,afterconverging thefour grouplevel, theresultformstheinitial
iteratefor theeightgrouplevel. Althoughresultsusinga smallnumberof groupsare
of limited physicalinterest,they arepresentedin orderto demonstrateconvergenceasG is increased.

Eachmultigroup simulationdiscretizesthe samerangeof the frequency coordi-
nate.We first definea “base”geometricallyspacedgrid of 64 intervals,

� W ½ L �(� W �] E ]�´ �t� W �\� W @ LC� , with
�ZL �±´�	�] H @ �

; hence,
� µ � ���Z´ E ´Z´A´Z´

The basegrid is the
finestlevel grid for the64 groupsimulation.Thenext coarselevel grid is obtainedby
combiningtwo adjacentfinelevel intervalsyieldingadiscretizationof 32 intervalsand
spanningthesamefrequency range.This meshalsoformsthefinestlevel grid for the
32groupsimulation.Hence,thefirst nonzerofrequency for the32 groupsimulationis�U]4�&] E ]�´A�MLj´�	?] H�@ �

. Theprocessis repeateddown to thelevel (andsimulation)using
two groups.Thus,thetwo groupmeshis givenby ¢ � W-£ � ¢ H  H E �"NONA�i /�Z´ E ´Z´A´Z´ £ E

Thespatialdomainis discretizedusingafixedwidth, þ �Q]N�-´ H . Simulationsusing
finerspatialmeshesyield approximatelythesameresults.Wechoseþ �Q]z�Z´ H in order
to displayvaluesasseparatesymbols;afinermeshblurstheplots.

7.1 Decayof localizedmatter energy

Weconsiderthesameproblemparametersasthoseusedby Shestakov [12]. Theinitial
temperaturehasthepeakedprofile:# � � � * �QP � E ­SR;R ´; if

� 3 � J H E H ­H E HZH � R  otherwise

E
The initial radiationenergy densityis constant,

� � � � * �¾´ E �-« ­Z­ 	i] Hi@ ¡ . The matter
“specificheat”

" �h� E H
. We definethematterT � �+56� andradiationTVU ��56� energies,T � � " ' .A3 # ÖZ×�Ø TVU � ' .A3p�}� ' .A3 ' ./��� E

Theinitial conditionsstipulatethat T � � � � * �k] E H ­ �;W and TVU � � � * �k] E H ­ �OW�	7] Hi@�µ . The
computationaldomainis

� 3 � J ] . At theboundaries,homogeneousNeumanncondi-
tionsareimposed.Hence,thetotal energy T � T � � TSU is constantin time. However,
the individual quantities,T � and TVU , vary with

5
asthe fields exchangeenergy. The

steadystatefieldsareindependentof
3
, and T � �k] .



7 RESULTS 18

Figure2: CentralT problem. Onegroupsolution. Radiationenergy
�

andemission
source

�Z# �
vs.
3
,
5!�h« E H

We first considerthe onegroupequations,i.e., (8) and(9). Figure2 displaysthe
energy

�
andemissionsource

�-# �
at
5ü��«

. Due to symmetry, we presentresults
only for

3 � H . Exceptnear
3�� H

, the two fieldsaretightly coupledover thespatial
domain. The figure shows that the initial temperaturespike hastransformedinto an
outgoingwavewhichat

5��I«
hasreached

3ì� H E W
Thesolutionconfirmstheanalysis

givenat theendof section1, viz., wherever
#

is small,thefieldsaretighly coupled.

Since
#

retainsremnantsof its initial, peakedprofile at theorigin, we excludethe
centralvaluesof

�-# �
from the figure. For reference,at

5ü�Î«
, the first few values

of
�Z# �

are26.4600,26.4600,and
H E H �OWON

; hence,thecentraltemperaturehasdecayed
nearlyfivefold,from

#h�\� E ­VROR ´ to
#\�
] E ­Z­ Wi]

Thetemporalhistoriesof T � aredisplayedin Fig.3. For theonegroupsolution,the
resultconfirmsourexpectation,T � is alwayslargerthan TVU . In fact, T � monotonically
approachestheequilibriumvalue.

Figure3 alsodisplaysT � ��56� for variousmultigroupsolutions.Theseareseparate
simulationsof (6) and(7)usingG � ­ , 8,etc.groups.Therearetwo noteworthyitems.
First, is thestriking differencebetweenthemultigroupsolutionsandthoseusingonly
onegroup.All multigroup T � undergoasharpinitial decrease,falling to lessthanhalf
of theequilibriumvalue,beforerecoveringandbeginningaslow, steadyrise.Secondly,
the figure shows an obvious convergenceas the frequency grid is refined. We note
that the 64 group T � agreeswith that presentedin [12], Fig. 8. The multifrequency
equationsprovide a meansfor matterenergy, initially at

3k� H
, to radiateinto the

high frequenciesandquickly diffuseaway. High frequenciesarecharacterizedby slow



7 RESULTS 19

Figure3: CentralT problem,TemporalhistoriesT � �+56� for 1 groupandvariousmulti-
groupsimulations.

absorption.

Weconcludethissectionwith Fig. 4 whichdisplaystheradiationenergy density
�

at
5¶�k«

for variousmultigroupsimulations.We againseeconvergenceasthenumber
of groupsG is increased.In comparingtheseresultswith the onein Fig. 2, we note
thelargervalueof themultifrequency

�
and,for G�� ]C� , its nearuniformity with

3
.

7.2 Radiation into cold matter

Herewesimulatethetransportof radiationinto coldmatter. Thespecificheat
" �
] H

Initially,
# � H E HAH ]

and
��� � * ��] H @mµ

. For the multigroup simulations,we
initialize thegroupenergiesby first definingthe initial “radiation temperature”

# *U ���� * �N��� L B �
, thencomputegroupenergiesaccordingto theprofile

� 
 wPx�y,�U�p���z# *U � . The
spatialdomainis

H J 3 J ] . On theboundarieswe imposethecondition,À��v�IX=	�lY � �  
where

X �¬�p��] H # 
 ���
is the radiationflux,

À
and � areconstants,and

lY is theout-
wardnormal.Hence,

�4X\	�lY denotestheincomingflux. For themultigroupequations,
theflux is assumedto havea“Planckian,” i.e.,

� 
 wPx�y,�U�p���z#_�
profile,whichstipulates

thefluxesthateachgroupreceives. At
3�� H

, we set
Àì� � � ] , while at

3�� ]
, we

set
À��}]

and � � H . In earlytimes,the
3ì� H

boundaryconditioneffectively imposes
an incomingunit flux of energy into the problem; in late times, it setsthe Dirichlet
condition

�
�k]
. The

3a�k]
conditionallowsenergy to streamoutof theproblem.
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Figure4: CentralT problem,Radiationenergy density
�

vs.
3

at
5!�\« E

Figures5 and6 displaythe radiationenergy density
�

andmattertemperature
#

at
5��¾]

, respectively. In Fig. 6, we plot
# �-� H

for the one-groupsimulationin order
to fit the resultwithin the multigroupbounds.As in the previous problem,we seea
strikingcontrastbetweentheone-groupandmultigroupsimulationsandnoteadistinct
convergenceas G is increased.Theone-groupcalculationis characterizedby a steep
wave front, which at

5��¾]
haspropagatedto

3®² H E «ON
Also,

�
and

�
areconcave

down, giving the appearanceof energy “bottling up” ratherthan streamingthrough
thematerial. In contrast,the multigroup

�
is concave up; the high frequency energy

readilypassesthroughthedomain.

8 Summary and conclusion

Wehavepresentedaschemeto solve themultigroupradiationdiffusionequations.Al-
thoughtheschemehasbeenanalyzedandappliedto theH&S model[1], it is intended
for themoregeneralsetof equationsgoverningmultifrequency radiationdiffusion.The
schemeconsistsof severalstraightforwardsteps,which whencombined,make a pow-
erful tool. Thebasicpremiseis thatif aproblemrequiresa largenumberof groups,the
formidablesetof G coupleddiffusion equationsis advancedby bootstrappingfrom
a smallernumberof groupsspanningthe samefrequency range. That is, we apply
multigrid to thefrequency range.

Theschememaybeeasilymodifiedandit is usefulto suggestextensionsandpos-



8 SUMMARY AND CONCLUSION 21

Figure5: Incomingflux problem,Radiationenergy density
�

vs.
3

at
5!�
] E

Figure6: Incomingflux problem,Mattertemperature
#

vs.
3

at
5��
] E
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sibleimprovements.For example,our multigrid approachis basedon theconceptthat
thesolutionfor a coarselevel of groupsis a goodestimatefor thefine level. However,
for thecoarsestlevel, theresultsof section7 do notsupportthehypothesessincesolu-
tionsof theonegroupandtwo groupequationsaresodifferent.Thus,it maybewiser
to dispensewith the onegrouplevel andinitiate eachtime stepwith a coarsestlevel
consistingof two, possiblyevenfour, groups.

As presented,theschemeis nonlinear. Eachlevel consistsof aninner/outeriterative
scheme.The inner iterationssolve a linearizationof theequationswhile for theouter
ones,materialpropertiessuchasopacitiesarerecomputed.For someapplications,the
evaluationof materialpropertiesmay be prohibitively expensive. If so, the scheme
may still be appliedby not recomputingthe coefficients. However, for a simulation
usingG groups,theschemedoesrequirecoarsegroupaveragedopacities.

Althoughour presentationcoarsenedeachfrequency rangeby a factorof two, this
is not a requirement.For example,if a problemconsistedof a materialfor which it is
essentialto properlydiscretizea particularfrequency range,onemaycoarsentheless
interestingrangesmoreaggressively.

Within eachlevel, we solve a nonlinearsetof equationsusingan inner/outeriter-
ative scheme.By introducingpseudotransientcontinuation¹ tc, the inner iterations
areviewedassuccessiveapproximationsto a steadystate.Theinverseof the ¹ tc time
step Ã bringsan extra degreeof robustness.The iterationsarestable.Eachiterateis
physically reasonable;thereis no concernaboutsubsequentevaluationsof material
propertieswith say, anegativetemperature.

The inner/outeriterationsdo not needto be solved to greataccuracy. Indeed,for
the coarsestlevels, doing so simply yields a correctanswerto the wrong problem.
However, we stressthatwhatever toleranceis chosenfor theinner/outeriterations,the
levelsconcludewith anadditionalstepguaranteeingenergy conservation. This we do
as follows. After the inner/outeriterationsaredeemedto be sufficiently converged,
we recomputethe

l| W , q| W , and
u W

coefficientsusingthelatesttemperature
# Ï Ñ Ð

. These
values,wheninsertedinto (14) yield · independentequationsfor

� W
, wherewe also

set
# �9# Ï Ñ Ð

. After obtainingthe energy densitiesat the advancedtime, the new
temperature(for thecurrentlevel) is then,#h�\# * � V 5" ÙÚS�%# Ï Ñ Ð � Û�W<� L � W �,q| W ÜÝ E

(41)

The procedureis clearly energy conserving. The energies
� W

are nonnegative since
they aresolutionsof linear systemsº 3��°»

whereeach º is an M matrix andeach»
consistsof nonnegativecomponents.Theonly concernis that

#
maybeunphysical

(too low, or evennegative) if
� V 5/# Ï Ñ Ð � " �

is large in relationto theotherterms. The
computerprogrammonitorsfor sucheventsandsignalsif this occurs. If it does,

#
is resetto a minimum value,which ruinsenergy conservation. So far we have yet to
witnesssuchanevent.Our resultsconserveenergy, nearlyto roundoff. However, note
thateven if (41) wereto yield a negative

#
for an intermediatelevel, hopeis not lost

sincetheresultis only neededasaninitial guessfor thenext finer level.
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Although we choseto apply multigrid only to the frequency range,onemay ex-
perimentby alsoapplyingit to thespatialdomain.Our schememaybegeneralizedto
multiphysicsprogramsusingautomatic(spatial)grid refinement(AMR). In suchcases,
thecoarsefrequency levelsmaybeadvancedon coarsenedspatialgrids.

Finally, recallingthe schemeof Axelrod et al [5], we list a few extensions.The
H&S modelto which we appliedour schemewasderivedby ignoringprocessessuch
asComptonscatteringandradiation

u�.S[
work. Theformerreducestoadiffusionequa-

tion in frequency space.Radiation
u�.S[

is includedwhencouplingradiationtransport
to hydrodynamicmotion. In regionswherethe fluid is compressed(rarefied),radia-
tion energy is transferredto higher(lower) frequencies.The processis modeledasa
translationin frequency space,

� � �Q�ÎÀ���� � �
, wheresign(

À
) dependson sign(

.S[
).

Bothprocessesmaybeincorporatedinto our scheme.For stability, wewould insiston
approximatingthe

u�.	[
processwith upwinding.Thus,thedualmatrix splitting inner

iterationscan still be used. The only complicationis that the
�YM

matrix would no
longerbea rankoneperturbationof a diagonalmatrix. Hence,theShermanMorrison
formulacannotbeused.Thesecondsplitting requiresinvertinga full matrixof size ·
ateachspatialgrid point.

A Analysisof \] b and ^] b
Lemma 4 Thecoefficients

q� W
and

l� W
satisfy(4).

Proof Sincethe proof for
l� W

is similar to the onefor
q� W

, we only presentthe latter.
Let

� W �=� W �z#
. If
� J �N� W @ L- �� W � , it followsthat��
W @ L ' � e� e�f�g .Z��>A@�� J ' �

e
� e�f�g .A����
,>A@m� J �/
W ' �

e
� e�f�g .A��>A@�� E

If we divide theinequalitiesby
� � e� e�f�g .A��> @m� , multiply by

# 

, andrecall thedefinition

(10),weobtain, ��
W @ L J q| W J ��
W  
which is equivalentto whatwe need.

B Solution of “one group” system

Herewe describetheschemefor thecoarsestlevel, i.e., theoneusedto solve (8)–(9).
By defining � E�h�-# �  
werewrite (9) as: � " � ­ ��� � �}�
�X�-�Q���&� (42)
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Since(8)–(9)is nonlinear, iterationis required.Let
� *

and
� *

respectively denotethe
emissionsourceandradiationenergy at theprevious time level andlet

� Ï Ñ Ð
and

� Ï Ñ Ð
respectivelydenotethe

Ô
-th iteratesapproximatingthenew sourceandradiationenergy.

Theiterationbeginsby assigning
� Ï *rÐ �h� *

.

Assuming
� Ï Ñ Ð

is known, backwardEulerdifferencingof (42)yields,� Ï Ñ Ð ��_h� * �I�U]p�`_a�i� Ï Ñ Ð
(43)

where H J _¬� " �i� " � ­ V 56� J ] E
Equation(43) is robust; thenew sourceis anaverageof thenew radiationenergy and
thesourceat theprevioustime level. If both

� * and
� Ï Ñ Ð

arenonnegative,so is
� Ï Ñ Ð

.
We define # Ï Ñ Ð E�}��� Ï Ñ Ð �-�A� L B �

(44)

andsubstitutethe latestknown
#

into (8). Backward Euler differencingleadsto the
equationfor

� Ï Ñ Ð
, viz.,� V 5��/³ É ��] H �+# Ï Ñ @ L Ð �U
���³A� Ï Ñ Ð Ê� � ]¶� _ V 5����# Ï Ñ @ L Ð � 
 � � Ï Ñ Ð �h� * � _ V 5�� *���+# Ï Ñ @ L Ð � 
 E (45)

Thisequationis alsorobust.Thediffusioncoefficient,lowerorderterm,andright hand
side(RS)arenonnegative. With properdifferencingwe obtaina linearsystemwith an
M matrix. Thus,thenew energy

� Ï Ñ Ð
is guaranteedto benonnegative.

Theiterationsaredonein thefollowing order. Weset
Ô{�
]

andsolve(45)to obtain� Ï L Ð
. Then,(43)–(44)yield the new emissionandtemperature.We increment

Ô
and

continuesolving(45),(43),and(44), in thatorder. We iterateuntil theiterationerrorG E� �¦� # Ï Ñ Ð ��# Ï Ñ @ L Ð �¦��¨� # Ï Ñ Ð �¨�
is reducedto aspecifiedtolerance.

Thetolerance
G

neednot beoverly restrictive sincethegoal is not to solve (8)–(9)
exactly, but ratherto only obtainagoodinitial guessfor thenext fine level system,i.e.,
theoneusingtwo groups.Typically, it sufficesto iterateonly up to

Ôp� �
. However,

beforeleaving thecoarsestlevel, we performanadditionalstep.

Theiteratepair
�Z� Ï Ñ Ð  i# Ï Ñ Ð �

doesnot conserveenergy. It is easyto checkthatV 5s�-� Ï Ñ Ð ��� Ï Ñ Ð �8� É ���+# Ï Ñ @ L Ð �6
7Ê
is theenergy densitythat is takenout of the

�
field duringthe time stepandthat this

amountdoesnot equalthematterenergy change," �-# Ï Ñ Ð ��# * � E
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Hence,to conserveenergy, wecompute# Ïba Ð �h# * �I� V 5<� " �s�-� Ï Ñ Ð �F� Ï Ñ Ð ��� É ����# Ï Ñ @ L Ð � 
 Ê E
Unfortunately, thereis no guaranteethat

# Ïca Ð
is physicallyreasonable,e.g.,positive.7

Thus,if we have specifieda minimumtemperature
#edgf h

(zerodefault), in cellswhere# Ïba Ð
is too low, we resetit, therebyobtainingthefinal coarselevel temperature# Ïbi Ð � § Ö xm�N#edgf h� i# Ïca Ð � E

As afinal check,wemonitortheenergy “lost,”� � � j kml c � " ' .A3 § Ö xs� H  �#
dgf h���# Ïba Ð � E
We have yet to find a problemwhich generatesa nonzero

� � � j kml c .8 Note that it is
not imperative to exit coarselevels with energy conservingfields sincecoarselevel
solutionsareonly usedasinitial guessesfor subsequentfine levels.

This concludesthe descriptionof the schemefor the coarsestlevel. The result
consistsof thefields

# Ïni Ð
and

� Ï Ñ Ð
. Thelatteris interpolatedto a2–groupfield perthe

algorithmdescribedin section2.
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